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State representations summarize our knowledge about a system. When unobservable quantities
are introduced the state representation is typically no longer unique. However, this non-uniqueness
does not affect subsequent inferences based on any observable data. We demonstrate that the
inference-free subspace may be extracted whenever the quantity’s unobservability is guaranteed by
a global conservation law. This result can generalize even without such a guarantee. In particular, we
examine the coherent-state representation of a laser where the absolute phase of the electromagnetic
field is believed to be unobservable. We show that experimental coherent states may be separated
from the inference-free subspaces induced by this unobservable phase. These physical states may
then be approximated by coherent states in a relative-phase Hilbert space.
PACS numbers: 03.67.-a, 03.65.-w, 03.65.Ca, 42.50.Ar
INTRODUCTION
The representation of a state and its associated in-
terpretation are fundamental issues in quantum mechan-
ics. The state representation of a system summarizes our
knowledge about that system; it summarizes the infor-
mation about any observable we wish to measure. Con-
versely, experiments on a system allow us to determine
the associated state representation.
Now it turns out that some observables are not accessi-
ble to experiment. Such quantities might be called unob-
servables, a term which we shall take to be a synonym for
unmeasurable quantities. There are several mechanisms
by which a quantity may be unobservable. One rigorous
mechanism involves global conservation laws. In particu-
lar, the Wigner-Araki-Yanase (WAY) theorem says that
any operator which does not commute with an operator
corresponding to a global conservation law is not observ-
able [4, 5]. Therefore any system satisfying global con-
servation laws involves unobservable quantities.
In addition to those quantities whose unobservabil-
ity is directly associated with global conservation laws,
there are other quantities for which no rigorous argu-
ment currently exists guaranteeing their unobservability,
but which are, nonetheless, generally accepted to be inac-
cessible to any experimental means. An example of such
a quantity is the absolute phase of the electromagnetic
field [1].
What are the consequences for the state representation
of a system when unobservable quantities are involved?
Since such a situation implies that there will be parts
of the state’s representation which cannot be examined
this means that the state could equally well be repre-
sented in various functionally indistinguishable though
distinct forms. Thus, an apparent consequence of deal-
ing with unobservables is that the state representation is
effectively non-unique.
In this paper we investigate the consequences of un-
observable quantities on the state representation more
fully. To do this, we consider the possibility that the
non-uniqueness can be isolated in the state representa-
tion. More particularly, that the state may be written in
a form of a direct product of two states or components,
where at least one of these components involves no non-
uniqueness due to unobservability. This component in-
volves a subspace which is spanned by only eigenstates
of truly observable quantities. By contrast, the minimal
non-unique component corresponds to that part of the
state representation which cannot be determined by any
experimental procedure; it corresponds to an inference-
free subspace.
In section 2 we start by considering the case where
the unobservability of quantities is guaranteed by global
conservation laws and demonstrate that the inference-
free subspace may be isolated and separated from the
remainder of the state representation. A hint of how
this may be achieved can be found in the WAY theo-
rem itself which also suggests that the unobservability of
the non-commutative operators can be bypassed by tak-
ing into account their own relative quantities. We use
the WAY theorem together with a consideration of state
preparation to show that a relative-quantity Hilbert sub-
space can be constructed. In section 3, we consider a
generalization of this argument, which may be applied
to other cases involving unobservable quantities. In par-
ticular, we look into the case of the laser output field,
where its absolute phase is generally accepted to be un-
observable, though a direct proof for this based on the
WAY theorem is currently lacking. Notwithstanding this,
we demonstrate how the inference-free component of the
state description may be isolated as an excellent approx-
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THE WIGNER-ARAKI-YANASE THEOREM
AND AN INFERENCE-FREE SUBSPACE
The Wigner-Araki-Yanase (WAY) theorem gives us a
playground of systems where unobservability of certain
quantities is guaranteed by global conservation laws. The
WAY theorem states that any operator which does not
commute with an operator of the global conservation is
not observable [4, 5]. Consider a system which consists
of the observed subsystem and its measuring apparatus.
As the total momentum Πˆ of the system is conserved, a
position operator xˆ of the observed subsystem is unob-
servable. This is because the position operator does not
commute with the total momentum and such measure-
ment process violates the conservation law.
Now we give a way to construct a relative-quantity
subspace. According to the WAY theorem, a relative
quantity of the unobservable absolute operators can be
observable. By constructing a subspace where the rela-
tive quantity can be well-defined, we isolate the inference-
free component. Here we show an example which can be
easily generalized. A relative position operator of the ob-
served system to the apparatus xˆ1− xˆ2 (= xˆr) commutes
with the total momentum and hence is observable, where
xˆ1 and xˆ2 are the absolute positions of the observed sys-
tem and of the apparatus respectively. We take eigen-
states of an operator xˆa = xˆ1 + xˆ2 to construct the en-
tire Hilbert space together with eigenstates of xˆr . The
Hilbert space for the entire system (the observed system
and the apparatus) can be expanded by {|xr〉 ⊗ |xa〉} as
well as by {|x1〉 ⊗ |x2〉}. To construct a relative-position
Hilbert space, we start with separable states given by
|ψ〉 = |ψr〉 ⊗ |ψa〉 , (1)
where { |ψr〉 = ∫ dxrψr(xr)|xr〉
|ψa〉 =
∫
dxaψa(xa)|xa〉. (2)
Here the state is separable in terms of the two subspaces
of {|xr〉} and {|xa〉}.
As the operator xˆa is not observable, the state |xa〉
must be considered as a label of the equivalence class of
states [3], hence the state |xa〉〈xa| implies a set of the
states ∫
dXP (X)e−iXΦ|xa〉〈xa|eiXΦ, (3)
with all possible prior distributions P (X). Using this
representation, the total state can be represented as
ρra =
∫
dXP (X)e−iXΠˆ|ψ〉〈ψ|eiXΠˆ. (4)
The operator xˆr commutes with the total momentum Π,
then the state |ψr〉 is preserved under the action of the
displacement operator e−iXΦ. This allows the density
matrix to be
ρ = |ψr〉〈ψr| ⊗ ρa. (5)
where
|ψr〉 =
∫
dxrψr(xr)|xr〉
ρa =
∫ ∫ ∫
dXP (X)dxadx
′
aψa(xa)ψ
∗
a(x
′
a)
×e−iXΠˆ|xa〉〈x′a|eiXΠˆ.
The relative-position state |ψr〉 is on the relative-position
Hilbert space and the relative-quantity operators can be
defined on this subspace. The state ρa constructs an
inference-free component and the inference-free subspace
is constructed to be completely free from a choice of the
prior distribution.
Now, let us generalize the argument to entangled
states. The general state can be represented by
|φ〉 =
∫
dxrdxaψ(xr, xa)|xr, xa〉. (6)
In the case where the state is entangled, the function
ψ(xr, xa) cannot be written as ψr(xr)ψa(xa). This state
in the same representation with a prior is
ρ =
∫
· · ·
∫
dxadxa′dxrdxr′
× ψ(xr, xa)ψ∗(x′r , x′a)|xr〉〈x′r |
⊗
∫
dXP (X)|xa +X〉〈x′a +X | . (7)
By contrast to the separable case, it seems non-trivial
to construct an inference-free subspace. Such entangled
states can be obtained by assuming arbitrary separable
states and some entangling operators. For instance, a
product state of |xr〉 and a superposition of the total
momentum eigenstates is separable by definition and yet
can generate entanglement with some entangling opera-
tor such as a SUM gate (exp
( − ixˆr ⊗ Πˆ)). In fact, the
SUM gate commutes with the total momentum and hence
such an operation is allowed, so it seems that we can
create an entangled state not violating the conservation
low. However, the essential issue in here is to consider
the state representation process to obtain a consistent
state representation under the global symmetries. Next
we will show that the global symmetries impose restric-
tions in the state representation process.
As we have discussed above, a superposition can gen-
erate entanglement with some entangling operator, while
by any of the allowed operations an eigenstate of the
3total momentum cannot be entangled with the relative-
position subspace. This leads us to a question if any
creation of supposition can be allowed under the global
symmetries. It is not difficult to see that none of the op-
erators which generate a superposition from an eigenstate
is allowed under the conservation law. Any creation of
superposition necessitates a third system to be involved
in the state preparation process. This is inconsistent with
the global symmetries. This concludes that considering
the state preparation process, only the eigenstates of the
total momentum are consistent with the global symme-
try. This constraints on states allowed in the system
could be considered as a superselection rule. The original
work by Wigner [4] and following works [6] have allowed
the system to prepare an arbitrary state, in particular
superpositions so that measurement of non-observables
in the sense of the WAY theorem can be arbitrarily pre-
cisely done. However, even if the system of the observed
system and the apparatus recovers the conservation of
the total momentum after the state preparation, the sys-
tem cannot completely eliminate the third system. For
example, a closed system with the momentum conserva-
tion is invariant in transformation by its absolute posi-
tion, so different values of the total momentum gives the
same state to the system. Two different values of the
total momentum Πˆ become distinct when these are real-
ized in the extended system. Thus, the extended system
is necessary for the physical meaning of superpositions
and the superposition states have to be captured in a
relative-quantity subspace in the extended system. For a
closed system with the momentum conservation, as the
eigenstate of the total momentum is the only state con-
sistent, any state can be represented as (1) and hence the
relative-position subspace always can be constructed.
THE CASE OF LASER OUTPUT FIELD
In this section, we generalize the argument to cases
where unobservability is not guaranteed by global con-
servation laws. Our particular interest of such cases here
is laser output field. Despite a lack of rigorous proof,
the absolute phase of an electromagnetic field has been
considered to be non-observable [1, 2]. Due to the non-
observability of absolute phase φ, the state representation
for the laser output field has an inference in terms of this
quantity, and is written as
ρ =
∫ 2pi
0
dφ
2π
P (φ)
∣∣ |α|e−iφ〉〈|α|e−iφ∣∣ (8)
(9)
where P (φ) is an untestable prior distribution function,
which is inference in the state representation. Now we
take the state representation of laser output field as an
example of the general case to consider construction of
the relative-quantity subspace. The previous argument
suggests to generalize the state to two mode and take a
relative phase of a two-mode coherent state. However the
argument about state preparation does not apply here, as
unobservability of absolute phase being a weaker condi-
tion than global conservation law, then we have to find an
alternative way to construct an inference-free subspace.
A two-mode coherent state is given as
|α, β〉 =
∣∣ |α|e−iφα〉 ⊗ ∣∣ |β|e−iφβ 〉
= e−
|α|2+|β|2
2
∞∑
n1
∞∑
n2
αn1βn2√
n1!n2!
|n1, n2〉. (10)
The total photon number of the state is N = n1 + n2
and the difference photon number is M = (n1 − n2)/2
which is either integer (for even total photon numbers)
or half-integer (for odd total photon numbers). The state
(10) can be alternatively expanded by the eigenstates
characterized by these quantum numbers N and M as
|α, β〉 = e− 〈Nˆ〉2
∞∑
N=0
N
2∑
M=−N
2
α
N
2
+Mβ
N
2
−M√(
N
2
+M
)
!
(
N
2
−M)!
× |N,M〉 . (11)
where 〈Nˆ〉 = |α|2 + |β|2. Obviously this state is not sep-
arable in terms of the two subspaces, {|N〉} and {|M〉}.
Unobservability of absolute phase is weaker as a restric-
tion to the system, so the superrule for the conserved
system does not apply here. Such a case, in general,
does not allow us to simply isolate an inference-free sub-
space and requires an ingredient to approximately do so.
In this case of coherent states, we take large total photon
number limits to construct a relative-phase subspace.
Taking a set of parameters as
|α|
〈Nˆ〉1/2 = − sin
θ
2
|β|
〈Nˆ〉1/2 = cos
θ
2
φα − φβ = φr . (12)
The two mode coherent state can be written as the sum
of spin coherent states, yielding
|α, β〉 = e− 〈Nˆ〉2
∞∑
N=0
(〈Nˆ〉1/2e−iφβ)N√
N !
|N〉 ⊗ |θ, φr〉N .(13)
Here |θ, φr〉N is a spin-N/2 coherent state with the pa-
rameterization (12). Alternatively the spin coherent
state may be parameterized by ξ (= − |α||β|e−iφr ) as
|θ, φr〉N = |ξ〉N
4=
N
2∑
M=−N
2
(
N
N
2
−M
)1
2
× (1 + |ξ|2)−N2 ξ N2 +M |M〉 . (14)
If the spin coherent state |ξ〉N is not dependent on the
total photon number N , then the state for the total
photon number can be realized as a coherent state of
|〈Nˆ〉1/2e−iφβ 〉.
Here we consider a limit of large total photon number,
〈Nˆ〉1/2 → ∞. The contribution of components for small
N to the sum is negligible and the main contribution is
the terms of the order N ≃ 〈Nˆ〉1/2. In the large limit of
N , the spin coherent state can be contracted to a Weyl-
Heisenberg (WH) coherent state. When |α| ≃ |β|, the
state can be typically contracted to a WH coherent state,
|θ, φr〉 → | −
√
2|α|e−iφr 〉. (15)
At the limit, this coherent state is approximately sepa-
rable with the subspace of the total photon number, and
can be extracted from the sum in Eq. (13) as
|α, β〉 ≃ | −
√
2|α|e−iφr 〉
⊗ e− 〈Nˆ〉2
∞∑
N=0
(〈Nˆ〉1/2e−iφβ)N√
N !
|N〉
= | −
√
2|α|e−iφr 〉 ⊗ |〈Nˆ〉1/2e−iφβ 〉 . (16)
The laser output state ρ in the equivalent class of this
state with a prior P (φβ) may be given as
ρ =
∫
dφβP (φβ)
(
| −
√
2|α|e−iφr 〉〈−
√
2|α|e−iφr |
⊗|Nˆ〉1/2e−iφβ 〉〈〈Nˆ 〉1/2e−iφβ |
)
. (17)
The space of the relative phase φr is independent from
the integral of the absolute phase φβ , yielding
ρ = | −
√
2|α|e−iφr 〉〈−
√
2|α|e−iφr | ⊗ ρ
P
, (18)
where
ρ
P
=
∫
dφβP (φβ)|Nˆ〉1/2e−iφβ 〉〈〈Nˆ 〉1/2e−iφβ | . (19)
Hence the relative-phase subspace can be approximately
constructed. However this approximation is not so useful
as the limit brings |α| also to infinity as √2α ≃ 〈Nˆ〉1/2.
By contrast, when |α| << |β| is satisfied, the group con-
traction may be taken in the order of 〈Nˆ〉. In this case
the spin state |ξ〉N is contracted by a parameter ǫ = 1/|β|
as
ξ = −ǫ|α|e−iφr , (ǫ→∞) . (20)
In this contraction, the spin size given by |β|2 goes to
infinity with ǫ → 0 and the state is contracted to a WH
coherent state | − |α|e−iφr 〉.
The coherent state from laser can be approximately
represent as
|α, β〉〈α, β| ≃ | − |α|e−iφr 〉〈−|α|e−iφr | ⊗ ρ
P
, (21)
under the condition
〈Nˆ〉 ≃ |β|2 ≫ |α|2. (22)
Hence the state on the subspace of the relative phase is a
coherent state, which is, in fact, what we call a coherent
state in experiments.
To conclude, we have shown the explicit construction
of an approximate relative-phase Hilbert space. The two
mode coherent state can be represented as a pure coher-
ent state in the relative-phase subspace under the condi-
tion (22). This state presentation of relative phase does
not involve prior distribution, and hence circumvents the
entire discussion about unknowable absolute phase.
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